We perform two-loop calculation of Chern-Simons in background field method using the hybrid regularization of higher-covariant derivative and dimensional regularization. It is explicitly shown that Chern-Simons field theory is finite at the two-loop level. This finiteness plays an important role in the relation of Chern-Simons theory with two-dimensional conformal field theory and the description of link invariant.
Introduction
The finiteness of 2 + 1-dimensional Chern-Simons field theory (CS) has played a crucial role in its connection with 2-dimensional conformal invariant field theory and in describing link invariant [1] [2] [3] . The one-loop perturbative finiteness has been explicitly shown in various regularization schemes despite the fact that there exists the dispute on the finite renormalization of the coupling constant [4] . In fact, from the general analysis of the analytic property of the one-loop amplitude by Speer [5] , the perturbative finiteness of CS at one-loop is somehow trivial since it is defined in odd dimensional space-time. Only when one considers the quantum corrections at two-loop or higher-order, the UV divergences may appear. Thus it is necessary to work in a concrete regularization scheme and show whether the UV divergences really do or do not cancel. Although the UV finiteness of CS has been verified to every order in a regularization independent way [6] , up to now there have appeared very few papers which deal with its two-loop or higher order perturbative behaviour.
In this letter, we shall explicitly show the two-loop perturbative finiteness of CS in the framework of background field method and by choosing the hybrid regularization scheme of higher-covariant derivative and dimensional regularization. The advantage of adopting the background field method is obvious: owing to explicit background gauge invariance [7] , by considering only the two-point function of background field, one can determine the local quantum effective action. We shall choose the simplest higher-covariant derivative term, Yang-Mills action, which means that we start from the dimensional regulated topologically massive Yang-Mills theory (TMYM). From the viewpoint of regularization, the theory has two regulators, one is the dimensional regulator, ǫ = 3 − n, and the other is the topological mass m. Therefore, the two-loop finiteness is equivalent to the existence of the limits ǫ−→0 and m−→∞.
In Sect. II we briefly review the definition of dimensional continuation, which should receive a delicate consideration due to the antisymmetric tensor since it has been shown the naive dimensional regularization cannot make the theory well defined [8] . Then we give the Feynman rules in the Landau background covariant gauge. Sect. III contains the explicit calculations and the analysis of two-loop two-point function of background gauge field of topologically massive Yang-Mills theory. We show that the 1/ǫ terms cancel exactly. The explicit background gauge invariance means that the three-point and other multi-point functions should also contain no pole terms. Further we make use of the cancellation theorem of IR divergence for Landau gauge given in Ref. [9] to argue the existence of large topological mass limit and hence the two-loop finiteness of CS is verified. Sect. IV presents the conclusion and some discussions.
Feynman Rules of TMYM in Background Covariant Gauge
We start from the dimensionally regulated TMYM (in Euclidean space),
which is in fact the hybrid regularization of dimensional and higher-covariant derivative regularization of CS theory. The n-dimensional continuation of ǫ µνρ adopted here is the one proposed by 't Hooft and Veltman [10] and further by Breitenlohner and Maison [11] . For the Chern-Simons type theories, it was given explicitly in [12] ,
where g µν = δ µν is the Euclidean metric on R n andg µν andĝ µν are its projections onto the subspaces R 3 and R n−3 . Note that this definition of dimensional continuation actually makes the theory possess SO(3)⊗SO(n − 3) invariance rather than SO(n) [10, 12] . To our knowledge, this prescription is the unique algebraically consistent definition for dimensional continuation. In the calculations, the integer n is promoted to a complex number. It should be stressed that the sequence of limits is first taking n→3 and then performing m→∞. If the 1/ǫ pole terms arise due to the UV divergences, they should be first removed by choosing a subtraction scheme and by introducing counterterms. Then the limit m→∞ can be performed.
In the background field method we split the gauge field into two pieces [7] ,
with A µ being the background field and Q µ being the quantum one. Choosing the background covariant gauge condition D µ [A]Q µ = 0 and introducing the auxiliary field B to implement Landau type gauge, we obtain the gauge-fixed effective action,
where
µ and ǫ = (3 − n)/2. Feynman rules can be derived in the standard way, which are listed as follows:
• Quantum gauge field propagator¨¨¨¨¢
• Ghost field propagator a b
• QQQ and AQQ vertex
• QQQQ and AQQQ vertex
• Qcc vertex
Eq. (5) shows that the quantum gauge field propagator at the regularization level takes a very complicated form due to the dimensional continuation (2) . However, it can be decomposed into two parts
A detailed analysis in Ref. [12] shows that D ab µν (p) can be replaced ∆ ab µν (p,p) as an effective propagator, since R ab µν (p,p) is an evanescent quantity, which has good UV behavior and thus its contributions to the loop amplitudes vanish in the limit n→3.
Two-loop Perturbative Analysis and Explicit Calculation
The calculation of two-loop Feynman diagrams containing the propagators and vertices of gauge field is a very heavy work. However, since our aim is to verify the perturbative finiteness, so our attention is only paid on the UV divergent terms. Our strategy is first to show that the cancellation of the 1/ǫ pole terms in TMYM theory indeed occurs and then to prove the existence of the large topological mass, and thus the two-loop finiteness of CS can be established.
A. Cancellation of 1/ǫ Pole Terms in TMYM There are several techniques to find out the pole terms: First, at one-loop level TMYM is finite, despite that each Feynman diagram seems to be divergent from the superficial divergent degree, the one-loop UV divergences are actually cancelled. Thus there are no need for us to consider the subtraction of subdivergence. This differs from the case of four-dimensional field theory, where if the subdivergence cannot be well handled, the pole terms with non-polynomial coefficients will be produced and the unitarity of the theory will be violated. From Weinberg's theorem [13] , we can see that two-loop divergent behaviour of TMYM is similar to the one-loop behaviour of four-dimensional gauge theory. The only problem is whether one can compute the two-loop integral analytically.
Second, from the Feynman rules listed in Sect.2, one can see that the UV degree of the term involving the antisymmetric tensor in quantum effective propagator ǫ µνρ is one unit less than that of the whole D ab µν (p) (i.e. -1 and -2, respectively), so if ω is the overall UV degree of a diagram at n = 3, any integral with N antisymmetric objects in the diagram amplitude will have an overall UV degree ω − N. It is easy to see that the actual superficial UV degree ω is zero for every two-loop diagrams considered in the following. This fact implies that the integrals exhibiting singularities at n = 3 only come from pure Yang-Mills part, i.e. those obtained by formally setting every ǫ µνρ to zero in the amplitude. Furthermore, the integral from Yang-Mills part with at least one external momentum in the numerator has a negative UV degree. Therefore, the only sources of UV singularities at n = 3 are two-loop integrals which contain neither ǫ µνρ nor external momentum in their numerators. The oneloop finiteness means that there exists no subdivergence at n = 3. Hence the UV singularity is a simple pole at n = 3 independent of m and the external momentum p. In addition, the dimensional analysis shows that the mass dimension of background field two-point function in momentum space is one and so the pole terms must take the following general form [12] ,
where A is a constant to be determined by explicit calculation. Now let us come to the explicit calculation. All the two-loop diagrams contributing to background two-point function are listed in Fig.2 . We shall collect the divergent integrals from all of the two-loop diagrams and see whether they are cancelled.
We consider two diagrams as examples to illustrate the explicit calculation. The amplitude of Fig.2a is read as follows:
From the above analysis, we know that the divergent terms are independent of external momentum and thus to concentrate on the pole terms, we take external momentum p µ = 0.
Rescaling the integration variables k→km, q→qm, we obtain
Using the formula collected in Appendix and the Feynman parameter integral,
where γ is the Euler constant, it is easy to calculate and see that the first term in (17) vanishes, while the second term is
and the third term is
Thus we have
The second example is the amplitude of Fig.2f ,
Its divergent part is
The contributions from other diagrams are listed in Table I . We can see from Table I that the divergent pole terms of the two-loop background field two-point function cancel exactly. Further, recalling the relation between background field wave function renormalization constant and vertex renormalization constant [7] ,
we can conclude that two-loop background filed three-point function also has no 1/ǫ pole terms and thus the limit ǫ−→0 exists. B. Existence of Large Topological Mass Limit In last subsection we have shown the cancellation of the 1/ǫ pole terms by the explicit calculation in TMYM. However, to prove the two-loop finiteness of CS theory, we need to show the existence of the large topological mass limit, i.e. m→∞. At first sight, it seems that we should calculate explicitly the complicated finite terms of TMYM with respect to the regulator ǫ and then study the large m-limit. However, based on the IR finiteness of TMYM in Landau gauge, one can see that without needing any explicit calculation a simple analysis can show that the large m-limit indeed exists.
First, we use the fact that in Landau gauge the topological mass m is the only massive parameter at the two-loop level. Since the 1/ǫ pole terms cancel, the artificial massive parameter µ has disappeared after taking the ǫ−→0 limit. So the form factors of the twoloop background field two-point function are only the function of p 2 /m 2 , that is, the two-loop background field two-point function must take the following form, 
